We demonstrate the ability of our cluster expansion approach (CEA) for cohesive energies of alloys, which allows one to study the chemical trends of the relative stability of different atomic structures of alloys, as an example, X dependence of the atomic structures of Al-rich AlX (X = Sc-Zn) alloys, including ordered structures (L1 2 (Al 3 Sc), DO 22 (Al 3 V)), a Mackay icosahedron (a local structure in the Al 80 Mn 20 quasicrystal), and precipitate shapes in decomposition phases (Al 1Àc Cu c , Al 1Àc Zn c ; c < 0:05). All the terms in the CEA for Al-rich AlX alloy can be determined uniquely and successively from low-order to high-order by using the total energies of isolated Al and X atoms, pure Al and X metals, and X impurities in Al metal. The total energies of impurity systems are calculated accurately by using the all-electron full-potential Korringa-Kohn-Rostoker (FPKKR) Green's function method, combined with the density-functional theory in the generalized-gradient approximation (GGA). We show: (1) the binding energies of X (X = Cu, Zn) impurities in Al are reproduced very well by the CEA including two-and three-body interaction energies of X impurities; (2) the chemical trends of structural stability among ordered structures (L1 2 , DO 22 , DO 23 ) of Al 3 X (X = Sc, Ti, V), being determined by use of the screened-FPKKR and GGA band-structure calculations, are reproduced by the CEA including only two-body (X-X) interaction energies in Al.
Introduction
The discovery of many bulk metallic glasses (BMGs) with high glass-forming ability has stimulated efforts to understand the physical mechanisms of the stability of BMGs. Saida et al. recently suggested from the analysis of the experimental data that the high glass-forming ability of Zr 70 Cu 30 is due to the existence of the locally icosahedral atomic structure (AS). 1) There are many experimental data for the local ASs in BMGs. However it is still difficult to determine the local ASs in BMGs only from the experimental data. Thus, the theoretical study is strongly demanded for the determination of the local ASs in BMGs and the elucidation of the physical mechanism of their stability, which may be important for the material design of new BMGs.
Although energetics and stability of simple ordered alloys with many atoms (less than 100 atoms) per unit cell can be studied by ab-initio molecular-dynamics calculation methods, it is still difficult to apply them directly to the study of the stability of ASs in the BMGs. On the other hands, molecular-dynamics calculations with the simple two-body interatomic potential model, such as L-J potentials, are now possible for the study of the temperature effects of bulk properties of BMGs. 2) In order to discuss the experimental results quantitatively, however, we need an accurate interaction-parameter model, which includes explicitly the manybody interactions beyond the two-body. Recently Mishin et al. showed that the accurate embedded-atom-method potentials (EAMPs) for the study of structural stability and lattice defects in Cu can be developed by fitting to the ab-initio calculation results. 3) Under these circumstances, we planed: (I) to elucidate the characteristic features of interatomic interactions in BMGs by ab-initio calculations; and (II) to construct the accurate EAMPs which reproduce the ab-initio data for interatomic interactions (the calculation results in (I)). For (I), we proposed a cluster expansion approach (CEA) for cohesive energies of alloys. 4, 5) All the terms in the CEA can be determined uniquely by using the full-potential KorringaKohn-Rostoker (FPKKR) Green's function method and the density functional theory (DFT) in the generalized gradient approximation (GGA). We already discussed the physical mechanism of the relative stability among the different ASs of Al-rich AlX alloys, 6) such as ordered structures (L1 2 -(Al 3 Sc), DO 22 (Al 3 V), and a Mackay icosahedron (a local AS in Al 80 Mn 20 quasicrystal) by using only two-body terms (X-X interactions) in the present CEA. 7) We also showed that the shapes of the so-called Guinier-Preston zones of Al 1Àc X c (X = Cu, Zn; c < 0:05), such as (001)-disc shape for X = Cu and spherical shape for X = Zn, may be correlated with the three-body interactions of X impurities. 8) In this conference, using the same approach, we will discuss the physical mechanism of stability of the icosahedron-like local AS in Zr 70 Cu 30 BMG. 9) The aim of the present paper is to discuss the characteristic features of the CEA and to clarify its reliability, as an example, for the systematic study of relative stability among different experimentally-known local ASs of Al-rich AlX (X = Sc-Zn) alloys. We show that the present CEA with the low-order terms up to three-body can reproduce very well the binding energies of X n impurities (X = Cu, Zn; n ¼ 4; 5; 6; 13) in Al, while the CEA including only the two-body the chemical trends for the relative structural stability among ordered structures (L1 2 , DO 22 , DO 23 ) of Al 3 X (X = Sc, Ti, V), obtained by the screened-FPKKR band-structure calculations.
10)

Cluster Expansion Approach for Cohesive Energies of Alloys
cohesive energies of A and X; (2) solution energies of a single X impurity in A, corresponding to the one-body interaction energies (IEs); (3) two-and many-body IEs of X impurities in A. In the present approach, we consider the minority element (X) of alloys as impurities and the majority element (A) as the bulk atoms. It is obvious that the 1st and 2nd parts of cohesive energies of AX alloys are not related to the local ASs of AX alloys, while the third part distinguishes between ordered and segregated structures in A-rich AX alloys and determines the relative stability among the different ASs. 7, 11) For example, the strong repulsion of the 1st-neighboring X impurities leads to the ordering of AX alloys ( Fig. 1(3-a) ), while the strong attraction to the precipitation of X impurities in A ( Fig. 1(3-b) ).
It is noted that the present CEA is different from the CEA proposed by Connolly-Williams. 12) Their approach also determines all the terms (except (1) in Fig. 1 ) in the CEA. However their determination is not unique. They must select several suitable configurations in the unit cell and the results of the supercell calculations with the selected configurations are fitted by a model containing one-, two-, and many-body IEs. Then the CEA terms depend on the how the configurations are selected. It is also noted that the accurate determination for the long-ranged pair interactions, such as Friedel-type oscillation interaction, is very difficult for the Connolly-Williams approach because it needs a very large size of supercell, where the false interactions with impurities in adjacent unit cells can be neglected: the pair interactions are generally very long-ranged, as shown in the Subsection 4.2. On the other hand, the present ab-initio calculations treat correctly the embedding of impurities in an otherwise ideal crystal (see Section 3) and determine accurately the longranged pair interaction energies, which are important to understand the physical mechanism of the structural stability of Al-rich AlX (X = Sc, Ti, V, Mn) alloys.
7)
One-body interaction energy
This energy corresponds to the solution energy (E sol X in A ) of a single impurity X in A, shown in Fig. 1(2) . In view of a chemical bond picture, this energy is a total-energy change due to the rearrangement of bonds: n A AX-bonds are created in A metal, while n A =2 AA-bonds in A metal and n X =2 XXbonds in X metal are broken (n A and n X are coordination numbers of pure A and X metals). Thus, E sol X in A is written as follows,
where E 
¼ ðn
. E A n X is a total energy difference between an A metal with a substitutional X impurity and a pure A metal, and can be calculated accurately by use of the present ab-initio method. The important point is that the self-consistent calculations for potentials of an impurity X and its nearest-neighboring n A A atoms are generally enough to get the converged total energy for an A metal with a substitutional X impurity.
13) The calculated results for X (X = Sc-Zn, Y-Cd) in Al are shown in Ref. 13).
Two-, three-, and four-body interaction energies
For example, we consider two-, three-, and four-body IEs, of a 1st-nearest-neighbor tetrahedron impurity cluster. The binding energy (BE) of the tetrahedron impurity cluster (B , and E Tetrahedron int are the two-, three-, and four-body IEs, determined by eqs. (4), (5), (6) . Equation (3) shows that the BE of the tetrahedron impurity cluster consists of 6 two-body, 4 three-body, and 1 four-body IEs. Each value of the many-body IEs is defined by the following equations,
where E XAAA , E XXAA , E XXXA , E XXXX are, respectively, the total energies of the tetrahedron clusters consisting of impurity and host atoms ( Fig. 2(a)$(d) ), including the total-energy change of the host atoms around the tetrahedron clusters (E AAAA is a total energy of four host atoms). Equation (4) shows that E Pair int is a total-energy difference between two states: (1) the initial state where both impurities are infinitely far away and (2) the final state where both impurities are located at the 1st-nearest neighboring sites. It is noted that the n-body interaction energy is obtained by subtracting the many-body IEs up to (n À 1)-th order from the binding energy of X n , as shown in eqs. (5) and (6) . 
Ab-Initio Calculations for the Components of Cohesive Energies of Alloys
The calculations for total energies of isolated atoms, pure metals, and point defects in metals, being used to determine each term in the present CEA, are based on the DFT in the GGA. In order to solve the Kohn-Sham equations we use multiple scattering theory in the form of the KKR Green's function method for full potentials (FPs). The advantage of the Green's function method is that, by introducing the host Green's function, the embedding of point defects in an otherwise ideal crystal is described correctly, differently from the usual supercell and cluster calculations. 13) Another important point is that we can now perform the screened(S)-FPKKR calculations for the ordered alloys, which simplify very much the numerical calculations for the total energies and the structure Green's functions of periodic systems with many atoms per unit cell.
10) The important approximation used in the present calculations is a limitation of the maximum angular momentum (l max ) for expanding the Green's functions. We used l max ¼ 3, 4 for ordered alloys and impurity systems respectively: the larger l max may be required for the impurity systems where the interactions become more complicated because of different atomic arrangements of low symmetries.
Calculated Results
In 4.1, we give the two-, three-, and four-body IEs among the 1st-neighboring X impurities in Al and discuss that the chemical trends about segregation and order for Al-rich AlX (X = Sc-Zn) are understood by use of the calculated results. In 4.2, we give the binding energies of X impurities in Al and show that these binding energies of agglomerates of X impurities are reproduced very well by the CEA including the terms up to the three-body IEs. In 4.3 we show the SFPKKR-GGA calculation results for three ordered structures (L1 2 , DO 22 , DO 23 ) of Al 3 Sc, Al 3 Ti, Al 3 V and demonstrate that the chemical trends of total energy differences among these ordered structures are reproduced very well even by the CEA including the two-body IEs. Figure 3 shows the calculated results for the two-, three-, and four-body IEs among 1st-neighboring X impurities in Al. Positive values mean repulsion, while negative ones attraction. The calculated results are summarized as follows: (1) The 1st-neighboring X-X IEs are strongly repulsive for X = Sc-Ni, almost zero for Cu, and attractive for Zn; (2) The many-body IEs become weaker with the increase of n. It is noted that the strong repulsion for X = Sc-Ni lead to the ordered phase (or the quasicrystals), 7) while the attraction for Zn to the segregation phase. 8) These results agree with the experimental results. For Cu in Al, the lattice distortion effect, being neglected in the present calculations, becomes very important because the chemical interaction is small and the atomic-radius misfit of Cu with Al is very large. 14) We have already studied the lattice distortion effect and found that the X-X interaction energy changes from a small positive value (0.02 eV) to a small negative value (À0:03 eV). The lattice distortion effect for Cu in Al will be published elsewhere. 15) 4.2 Long-ranged X-X interactions in Al Figure 4 shows the distance-dependence of X-X (X = ScZn) IEs in Al. It is obviously very long-ranged. For X = ScNi, we can see the Friedel-type oscillating behavior due to the indirect d-d interaction mediated by the sp electrons of Alhost. We have also shown that the X-X (X = Y-Ag) interactions in Al, Nb, Mo, Pd, and Ag are also longranged. 16, 17) Thus, we may conclude that the inclusion of the far-neighboring IEs beyond the 1st-neighbor in the CEA is essential for the study of the physical mechanism of the structural stability. Cluster Expansion Approach for Relative Stability among Different Atomic Structures in Alloys: an Approach from a Dilute Limit4.3 CEA for agglomerates of X (X = Cu, Zn) in Al Alloys of Al with low-concentration of X, such as AlX (X = Cu, Zn), are well known to be precipitation hardening alloys. We have already shown that the BEs of X 13 (X = Cu, Zn, Vacancy) in Al (Fig. 2(g) ) are reproduced very well by the CEA including the pair interactions up to 4th-neighbors and two kinds of three-body interactions (a triangle among 1st-neighbors and a triangle with one 2nd-neighbor): 7) the BEs (1.94 and À0:49 eV) of X = Cu, Zn, obtained by solving correctly the impurity systems of X 13 in Al, correspond to those by the CEA (1.96 and À0:53 eV). Figure 5 shows the CEA results for the BEs of the agglomerates of X n (n ¼ 2{6, Figs. 2(b)-(f) ) in Al. It is obvious that the inclusion of the three-body interaction among 1st-neighbors improves drastically the CEA results including only the 1st-neighboring two-body IEs (simple pair-interaction model): the 1st-and 2nd-neighboring pair IEs are 0.022, 0.010 eV for Cu and À0:018, 0.002 eV for Zn, and the 1st-neighboring three-body IEs are 0.026, 0.002 eV for Cu and Zn, respectively.
11)
Convergence of many-body IEs among 1st-neighboring X (X = Sc-Zn) impurities in Al
CEA for Al 3 X (X = Sc, Ti, V) ordered alloys
We demonstrate the ability of the present CEA for the study of the relative stability among different ordered structures of Al 3 X (X = Sc, Ti, V). The experimentallyknown ASs are L1 2 and DO 22 for X = Sc and V, respectively. Figure 6 shows the ASs of L1 2 , DO 22 , and DO 23 . We assume the ideal ratio c=a ¼ 2, 4 for DO 22 and DO 23 (a and c are transverse and vertical lattice parameters, as shown in Fig. 6 ) because the present CEA treats the total-energy differences due to the atomic rearrangement on fcc-structure (a ¼ 7:6 a.u.). Figure 7 shows the calculated results for the total-energy differences among ordered structures (L1 2 , DO 22 , DO 23 ) of Al 3 X (X = Sc, Ti, V), obtained by the SFPKKR-GGA calculations with l max ¼ 3. It is noted that the total-energy differences obtained by the SFPKKR-GGA calculations with l max ¼ 3 are almost converged: for example, the total-energy differences (at a ¼ 7:6 a.u.) between L1 2 and DO 22 structures of Al 3 V are 0.0243 ry and 0.0238 ry for l max ¼ 3 and 4, respectively. We can see that the present band-structure calculations reproduce the ASs for the ground states (L1 2 for X = Sc, DO 22 for X = V) and the experimentally-known volumes, 6) and that the total-energy differences don't change very much around the equilibrium lattice parameter of fcc-Al (a $ 7:6 a.u.). Now we show how the present CEA reproduces the totalenergy differences among three structures (L1 2 , DO 22 , DO 23 ), obtained by the SFPKKR-GGA band-structure calculations. Figure 8 shows the total-energy differences (at a ¼ 7:6 a.u.) obtained by the SFPKKR-GGA calculations and the CEA: the chemical trends of the relative structural stability, obtained by the band calculations, are reproduced very well by the present CEA including only the two-body IEs (lowest-order terms among the structural dependent terms). It is noted that there exist no many-body IEs among the 1st-neighboring X in the ordered structures. The CEA results are obtained by comparing the sum totals of two-body IEs (from 1st to 8th) multiplied by the numbers of pairs per X-atom: 11) the numbers from 1st to 8th are (0, 3, 0, 6, 0, 4, 0, 3), (0, 2, 4, 2, 0, 0, 8, 3), (0, 2.5, 2, 4, 0, 2, 4, 2) for L1 2 , DO 22 , and DO 23 , respectively (see Fig. 6 ). We also found that the inclusion of the three-body IEs corresponding to the brokenline triangle in Fig. 6(b) , being important subsequently to the two-body, improves the discrepancy of the simplest CEA results with the band-structure calculation results. Figure 9 shows that the three-body interaction is attractive (negative value) around X = V, and increases the stability of DO 22 for Al 3 V, although the three-body interaction is very weak compared with the two-body interaction.
We have already elucidated the physical mechanism of the relative structural stability by using the long-ranged and oscillating X-X interactions in Al. 7) It is easily expected that the structural stability of L1 2 (Al 3 Sc) and DO 22 (Al 3 V) is mainly due to the bonding effect between d-states of X impurities, mediated by the sp electrons of Al. Figure 10 shows the electronic density of states (DOS) for Al 3 Sc and Al 3 V in the L1 2 and DO 22 structures. We can see the pseudogap formation around the Fermi level for Al 3 Sc (L1 2 ) and Al 3 V (DO 22 ). It is noted that the sp-d (Al-X) bonding is also important for the pseudogap formation around the Fermi level because there are the pseudogaps in Al-DOS of Al 3 Sc (L1 2 ) and Al 3 V (DO 22 ) ((a) and (d) in Fig. 10 ).
Summary and Future Problem
We have shown the characteristic feature of our CEA for cohesive energies of alloys and the reliability of the CEA, as an example, for the structural stability of different ASs of Alrich AlX (X = Sc, Ti, V, Cu, Zn) alloys. For the BEs of X n (X = Cu, Zn; n ¼ 4; 5; 6; 13), the CEA including the twoand three-body terms reproduces very well the values obtained by solving the impurity problem correctly. For the Al 3 X (X = Sc, Ti, V) ordered alloys, the CEA including only Fig. 7 Total energies of Al 3 X (X = Sc, Ti, V) in L1 2 , ideal-DO 22 , and ideal-DO 23 structures. The vertical lines correspond to a-values at L1 2 , ideal-DO 22 , and ideal-DO 23 structures (see Fig. 6 ), which reproduce the experimental-known volumes. Thus, the present CEA may be useful for the study of the physical mechanism of the stability of the local ASs in BMGs, as discussed in Ref. 7) . However, in order to study quantitatively the physical mechanism of the structural stability and the temperature effect of physical properties of BMGs, we must perform the molecular-dynamic calculations with the accurate EAMPs. 3) We are now trying to construct the EAMPs of Zr-rich ZrCu alloys, which reproduces the Cu-Cu interaction energies in Zr 9) as well as ab-inito data of interatomic interactions of pure Zr and ordered alloy Zr 2 Cu.
